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A generalization of two recently proposed general relativity Hamilto-
nians, to the case of a general (d+1)-dimensional dilaton gravity theory
in a manifold with a timelike or spacelike outer boundary, is presented.
1 Introduction
The study of Hamiltonians for general relativity and other gravity theories is
important for many interrelated questions and issues, such as black hole ther-
modynamics, in particular black hole entropy and its statistical origin, or as
the denition of quasilocal quantities. In particular, the boundary terms, which
are part of the Hamiltonian, are especially relevant. In fact, the Hamiltonian
reduces to them when evaluated on-shell and they are used to determine global
charges and thermodynamic quantities.
The form of the Hamiltonian boundary terms depends on the boundary con-
ditions we use for the variational principle (for instance we can choose to x the
metric induced on the boundary), or on gauge conditions such as, for instance,
the orthogonality of the boundaries. In the general framework of the Arnowitt-




been proposed recently by, respectively, Hawking and Hunter (HH) [1], Booth
and Mann (BM) [2], Creighton and Mann (CM) [3].
The HH and BM Hamiltonians correspond to dierent Legendre transforma-
tions of the Einstein-Hilbert action and represent the natural choice for classical
general relativity dened on a spacetime manifold with non-orthogonal bound-
aries. Conversely, the CM proposal gives the Hamiltonian for a dilaton gravity
theory dened on a spacetime manifold with orthogonal boundaries.
The limitations of the dierent proposal are evident. If one wants to describe
dilaton gravity theories in the Hamiltonian framework, one has to use the CM
prescription and is therefore forced to consider only orthogonal boundaries. In
some situation this limitation may be too strong, for instance if one wants to
consider symmetry transformations whose generators cannot be tangent to a
timelike boundary (e.g. spatial or null translations). This kind of generators
are important in the discussion of the asymptotic symmetries of the spacetime
and the associated charges [4, 5, 6, 7]. On the other hand, if one needs to
consider a manifold with non-orthogonal boundaries, one can use the HH or
BM prescription but is limited to the non-dilatonic case.
Therefore, it is natural to investigate the possibility of using a Booth-Mann-
like Hamiltonian together with any evolution generator. In this paper we show
that this is possible. We propose two Hamiltonians for a general dilaton gravity
theory dened on a (d+1)-dimensional spacetime with non-orthogonal bound-
aries. Our Hamiltonians generalize and comprehend the HH, BM, and CM
Hamiltonians. Moreover, they can deal with spacelike, as well as timelike, outer
boundaries.
The structure of the paper is the following. In Sect. 2 we set up our no-
tation and dene the objects we are dealing with. In Sect. 3 we derive our
Hamiltonians. In Sect. 4 we discuss our results.
2 Definitions
We consider a (d+1)-dimensional spacetime manifold M whose boundary con-
sists of two spacelike hypersurfaces S0 and S00 sharing the same topology, and
an ‘outer’ hypersurface B, which can be either timelike or spacelike, with topol-
ogy @S 0  I, where I is a real interval. The spacetime is foliated into space-
like hypersurfaces St of constant t, where t : M ! R is a time function de-
ned throughout M. The initial and nal hypersurfaces of this foliation are S0
and S00. Another foliation is induced on the boundary B and is given by space-
like surfaces Pt = St \ B of dimension (d−1). The initial and nal surfaces
are P 0 = S0 \ B and P 00 = S00 \ B, respectively. We can also think of every Pt
as given by the intersection of B with (local) orthogonal hypersurfaces ~St.1
The metric on the spacetimeM is gµν , with volume element p−g, covariant
1When the B boundary is spacelike, we only assume locality and do not suppose that the
hypersurfaces S˜t foliate the whole spacetime M. In this case S˜t is timelike and we do not
want a foliation of M into timelike hypersurfaces. Thus, clamped foliations, in the sense of
Lau [8, 9], are allowed only when B is timelike.
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derivative rµ and curvature RM. With respect to this metric the M-foliation
lapse is N def= [−(rt)2]−1/2. The metric gµν induces other metric structures on
the various surfaces. These structures are described in detail below.
A scalar dilaton eld  is also dened on M, as well as its functions f :  7!
f(), k :  7! k() and p :  7! p(); their derivatives dfdη etc. are written as f 0
etc.; their restrictions to the various surfaces, jSt , jB, f jPt , etc., will be often
called , f , etc. for simplicity.
The Lie derivative operator is denoted by L.
The St hypersurfaces
A future-pointing vector eld uµ normal to every St is dened on M; its ac-
celeration aµ def= uνrνuµ is tangent to St (uµaµ = 0). The induced Rieman-






p−g), covariant derivative Dµ, intrinsic curvature RS , and ex-
trinsic curvature Kµν
def= −hτµrτuν . Tensors are projected onto the St hyper-
surfaces by hµν .
The B boundary
The outer boundary B, whose normal ~nµ we require to be always outward-
pointing, can be timelike (see Fig. 1) or spacelike. When B is spacelike we have
to distinguish between two dierent cases, sketched in Figs. 2 and 3. In Fig. 2
B lies outside the future of S0 (its normal is past-pointing), while it lies inside
the future of S0 in Fig. 3 (its normal is future-pointing). We can characterize









− sgn() arccosh jj if " = −1;
arcsinh if " = +1:
(3)
If B is timelike (see Fig. 1) then " = +1,  R 0, and  R 0; if B is spacelike
and outside the future of S0 (past-pointing ~nµ, see Fig. 2) then " =−1,  1,
and 0; nally, if B is spacelike and inside the future of S0 (future-pointing ~nµ,
see Fig. 3) then "=−1, 1, and 0. Notice that we cannot pass smoothly
from one spacelike case to the other.
On B we have the induced intrinsic metric γµν = gµν−"~nµ~nν with volume el-
ement
√jγj, covariant derivative ∆µ and extrinsic curvature µν def= −γτµrτ ~nν .
In the " = +1 case the induced metric is Lorentzian with signature (−++    ),
while in the " = −1 case it is a positive denite Riemannian metric having




























































































































Figure 1: Example of foliation of a two-dimensional spacetime M with a timelike

































































































































Figure 2: Example of foliation of a two-dimensional spacetime M with a spacelike






























































































































Figure 3: Example of foliation of a two-dimensional spacetime M with a spacelike
outer boundary inside the future of S ′ (ε=−1, β−1, α0). Dotted lines represent
lightcones.
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The spacetime foliation induces a foliation in B by means of the induced
time function tjB : B ! R, and the associated lapse is ~N def= [−"(∆tjB)2]−1/2.
The Pt surfaces
The Pt surfaces are dened by the intersection of the outer boundary with
the various slices St, so they can be viewed as embedded in B or in St. In
particular, P 0 and P 00 together form the boundary of B, and every Pt is the
boundary of St. Hence, four dierent unit normal vector elds can be dened
on Pt: as a surface in St, Pt has the outward-pointing spacelike normal nµ, and
shares with St the future-pointing timelike unit normal uµ; as a surface in B,
Pt has the ‘future-pointing’ unit normal ~uµ, and shares with B the outward-
pointing unit normal ~nµ. Both nµ and ~u can be obtained by projection of the
normals ~nµ and uµ onto St and onto B respectively, and normalizing,





uµ − ~nµ; (4b)






(sinh jj)−1 if " = −1;
(cosh)−1 if " = +1
(5)
(we note that  = " 1λ). Notice that nµn
µ = +1, uµuµ = −1, ~uµ~uµ = −",




nµ − uµ ~uµ = 1





~nµ + ~uµ uµ = "
1

~uµ + "~nµ: (6b)
The Riemannian metric induced on Pt is






√jγj). Tensors are projected on Pt by
using µν . On Pt we can dene two extrinsic curvatures µν , ~µν ,
µν
def= −τµσν rτnσ = −τµDτnν ; (8)
is dened with respect to the embedding in St, whereas
~µν
def= −τµσν rτ ~nσ; (9)
is dened with respect to the embedding in a hypersurface ~St, locally orthogonal
to B (so that ~St has unit normal ~uµ). The following useful relation holds among
the traces of the extrinsic curvatures dened so far:
tr  = " tr + " trK + "~nµaµ − ~uµrµ; (10)
= " tr ~ + " trK + "nµ~nνrµ~uν + "nµrµ: (11)
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Bulk and boundary foliations
The time evolution of the hypersurfaces St (and of the elds dened on them)
can be specied by means of a time-flow vector eld Xµ, satisfying d t(X)  1.
An equivalent denition is,
Xµ = Nuµ + V µ; (12)
where N  [−(rt)2]−1/2 = −uµXµ and V µ  hµνXν are the (bulk) lapse and
shift, respectively.
Analogously, the time evolution of the surfaces Pt along B can be specied by
a boundary time-flow vector eld ~Xµ tangent to B and such that d tjB( ~X)  1.
We have now,
~Xµ = ~N ~uµ + ~V µ; (13)
where ~N  [−"(∆tjB)2]−1/2 = −"~uµ ~Xµ and ~V µ  γµν ~Xν are the boundary
lapse and shift.
In general, the bulk time-flow vector eld Xµ is not tangent to the outer
boundary, ~nµXµ 6= 0, so that it diers from the boundary time-flow vector
eld: XµjB 6= ~Xµ. This means that the bulk and boundary shifts are unrelated
to each other. Note, though, that the bulk and boundary lapses N and ~N are
always related by:
~N = N: (14)
This equation is just a consequence of the fact that the B foliation is induced
by the M foliation.
When the vector eld Xµ is tangent to B, ~nµXµ = 0, we may require the
two time-flow vector elds to coincide, XµjB = ~Xµ, so that the respective shifts
are related by
~V µ = µνV ν = V µ + " ~Nnµ: (15)
The general action



























where the surface terms are chosen in such way that the metric and dilaton eld
induced on the boundary can be held xed when the action is variated.
In this equation, f , k, p, and the constant  depend on the model under
consideration (for example, setting d = 1,  = ,  = e−2φ, f() = , k() = 0,
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p() = −2, we have the Jackiw-Teitelboim action [11]; setting d = 3,  =
8G,  = f  1, k = p  0, we have the classical Einstein-Hilbert action;
cf. Lemos [12]). We have not included minimally-coupled matter terms in the
action, because the presence of these terms does not aect our main results.





(Ξµνgµν + Ξ ) +
∫ S′′
S′




(Πµνγµν + Π ) +
∫ P′′
P′





√−g[fRMµν − 12RMgµν − 12pgµν + gµνr2f





√−g[f 0RM + p0 + k0(r2)− 2rµ(krµ)] (18b)










(f 0 trK − k Lu ) (19b)





jγj[f(µν − trγµν) + γµν Ln˜ f ]; (20a)
Π = − "

√
jγj(f 0 tr− k Ln˜ ) (20b)











are the momenta conjugate to µν and jP on P .
3 Derivation of the Hamiltonians
In this section we derive two Hamiltonians, corresponding to two dierent Leg-
endre transformations of the action (16), which are the generalizations for a




The action (16) is rst decomposed with respect to the foliation in the standard
way, using the Gauss-Codazzi equations
RM = RS + KµνKµν − (trK)2 − 2rµ(uµ trK + aµ); (22)
and the decomposition of the squared divergence of the dilaton







√−gffRS + fKµνKµν − f(trK)2 + k(D)2 − k(Lu )2



















We can rewrite the intrinsic curvature Kµν and the Lie derivative of the












[−2f 0 trP + (d− 1)fP ]; (25b)
with
Q
def= d(f 0)2 − (d− 1)fk: (26)










P µν LX hµν + P LX  −NH? − V µHµ
− 1






































P µνP µν − (f
0)2 − fk
fQ













[fRS + k(D)2 + p− 2D2f ];
(29a)
Hµ
def= − 2DνP νµ + P Dµ; (29b)
and Q is dened in Eq. (26).
Let us now focus on the additional boundary terms in Eq. (28) that represent
total derivatives. The rst term yields boundary terms on S0, S00, and B:
















jγj(f trK + f ~nµaµ):
(30)
Since aµ is orthogonal to uµ, we see that the rst integral in I1 exactly cancels
out with the S-integral already present in the action (see Eq. (16)). The second
integral, instead, sums up with the B-integral of the action to give





jγj(f tr + f trK + f ~nµaµ): (31)
Using Eq. (10) one can show that Eq. (31) can be written as





jγj(f−1 tr  + f ~uµ∆µ): (32)
Taking out of it a total divergence by using f ~uµ∆µ = ∆µ(f ~uµ)−∆µ(f ~uµ),
one nds











so that the P-integral in I2 exactly cancels out with the P-integral which ap-
pears in the action (16). Let us now consider the last divergence in Eq. (28).




























































(P µν LX hµν + P LX )− I; (36)




(NH? + V µHµ) +
∫
Pt







[f tr  − Ln f − ∆µ(f ~uµ)]; (38a)
Jµ





Notice that E contains an (annoying) explicit dependence on the intersection
angle , just like it happens for the HH Hamiltonian. In fact, the NE integral
reduces, in the non-dilatonic case, to the sum of the HH ‘curvature’ and ‘tilting’
terms, whereas the V µJµ integral reduces to the HH ‘momentum’ term. In
order to get rid of the explicit angle dependence we have to subtract a reference
term from the Hamiltonian.
Second Hamiltonian
In this subsection we use Booth and Mann’s prescription, i.e. we require the
time-flow vector eld Xµ to lie on the outer boundary B (so that ~nµXµ = 0).
This means that we are focusing our attention on the foliation of the outer
boundary B into surfaces Pt, rather than on the foliation of the spacetime M
into surfaces St. This, in turn, implies that we have to pass from the spacetime
lapse N and shift V µ to the boundary lapse ~N and shift ~V µ, and from the
quantities ftr ; uµ; nµg to the quantities ftr ~; ~uµ; ~nµg.
Let us now write the boundary contributions in the Hamiltonian (37) in
terms of the new objects. Summing up the following identities, which are ob-
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tained from Eqs. (11), (19a), (4), and (6):
Nf tr  ="Nf tr ~ + "Nf trK





P µν =− "Nf trK + "N Lu f
+ fV µ(~nνrµ~uν + rµ); (40)
−N Ln f =− "NLn˜ f − "N Lu f; (41)
and using the relations ~N = N and ~V µ = "Nnµ + V µ, we nd that the
boundary integral in Eq. (37) can be expressed as follows:∫
Pt





[" ~N(f tr ~ − Ln˜ f) + f ~V µ~nνrµ~uν
+ f ~V µ∆µ− ~N∆µ(f ~uµ)]:
(42)
Let us now consider the terms containing , which can be manipulated using
the identities










































Note that the integral containing the total divergence can be discarded, since, by
Stokes’ theorem, upon integration in time it gives vanishing terms proportional
to ~uµ ~V µ = 0 on P 0 and P 00. Moreover, it is easy to show that
 LX(f
p
)  µν LX µν +  LX : (44)
Using the previous equations we nally nd∫
Pt









(µν LX µν +  LX ):
(45)








(P µν LX hµν +P LX )+
∫
Pt





In this way µν , jP , and µν ,  are treated as canonical variables and mo-





(NH? + V µHµ) +
∫
Pt












f ~uνrµ~nν : (48b)
This Hamiltonian reduces, in the non-dilatonic case and when B is timelike,
to Booth and Mann’s Hamiltonian. Anologously to the BM Hamiltonian, ~H has
no explicit dependence upon the intersection angle between B and St. This hap-
pens because all quantities in the boundary term of (47) are dened considering
a local, natural spacetime foliation of M into slices ~St orthogonal to the outer
boundary.
Background terms
It is a well-known fact that we can subtract from the gravitational action (and
thus from the Hamiltonian) a reference term I
¯
, which has to be a functional
of the boundary metric only, without aecting the equations of motion of the
system. Subtracting such a term corresponds to redening the zero-point energy
and momentum [16]. This may be necessary when we want to renormalize
divergent quantities, which may appear in the Hamiltonian when we consider
an outer boundary at innity. Usually one chooses this term in order to have
vanishing energy and momentum for a given reference spacetime (e.g. Minkowski
or anti-de Sitter spacetime).
For the Hamiltonian H of Eq. (37), the reference term can be dened in the
following way (note that another equivalent, but local, denition can be given
along the lines of [2, Sect. III D]). First we embed the boundary (B; γµν ; jB) into




) in such a way that the metric and dilaton
induced on B by the embedding agree with those induced from M (we may
call it an isometric and ‘isodilatonical’ embedding). Moreover we must require
that M¯ be foliated in such a way that  (see Eq. (2)) has the same value in M
and in M¯.
These conditions together imply that
p
N , , , ∆µ, ~uµ, and f jB are the







(NE − V µJµ) calculated with respect to M¯: (49)
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N [f(tr  − tr 
¯
























where all objects with an under-bar are evolved on the reference spacetime M¯.
Note that the term containing the explicit dependence on the hyperbolic angle 
has disappeared, for it is the same in both spacetimes: this makes the presence
of the reference term a necessary feature in the case of the Hamiltonian H of
Eq. (37).
The situation is dierent in the case of the Hamiltonian ~H of Eq. (47). We
still require an isometric and isodilatonical embedding of B in the reference
spacetime M¯, but now we do not impose any requirement about the foliation
of M¯ and the intersection angle; yet this weaker condition implies that the
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f" ~N [f(tr ~ − tr ~
¯









In this case the reference term is not necessary to eliminate explicit angle
dependence in the Hamiltonian, for ~H has none by construction.
Null outer boundaries
All the results obtained so far hold, generally, for a spacetime with a timelike or
spacelike outer boundary. The formalism developed in the previous subsections
can deal with these two cases but is not meant to deal with a null outer bound-
ary. The main reason is that the action (16) becomes ill-behaved whenever one
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considers the limit of a null B, for the integrand in the P-surface integral di-
verge. One should dene a new action with appropriate boundary terms before
going on to derive Hamiltonians.
Yet, no one prevents us from considering a null B as a limit of a parameter-
depending timelike or spacelike boundary. B becomes null when the parameter
is sent, say, to zero.
This procedure is dierent for the two Hamiltonians H and ~H. In case of the
Hamiltonian H there are no restrictions on the nature of the evolution genera-
tor Xµ = Nuµ + V µ. We can have timelike, spacelike or null generators. The
only problem here is that the Hamiltonian H has a term depending on the hy-
perbolic angle , which blows up as we approach a null-B limit. This divergence
can be easily cured: it disappears upon subtracting a reference term as we have
discussed in the previous subsection.
The case of Hamiltonian ~H of Eq. (47) is more involved. In this case the
evolution generator is required to lie on the outer boundary, so that there are
some kinds of generators that we can study only if we take a null B. Since this
assumption cannot be imposed from the beginning, we are forced to resort to a
limit procedure in order to study the case of null generators.
A quick analysis of the boundary integral present in the denition of ~H, given
in Eq. (47), shows that ~H has a nite limit when B tends to a null hypersurface
(both from inside and from outside). This can be easily shown by writing the


















and noting that this expression contains only objects (f , gµν , V µ, hµν , nµ, µν)
which by construction or hypothesis are well-behaved.
4 Discussion
In this paper we have derived two Hamiltonians for a general (d+1)-dimensional
dilaton gravity theory, H (Eq. (37)) and ~H (Eq. (37)), which generalize Hawking
and Hunter’s [1] and Booth and Mann’s [2] Hamiltonian respectively. For the
purposes of the present discussion we can call H ‘bulk-oriented Hamiltonian’
and ~H ‘boundary-oriented Hamiltonian’.
When we use the bulk-oriented Hamiltonian, we focus our attention mainly
on the foliation of M into spacelike hypersurfaces and we use the ‘bulk’ lapse N
and shift V µ, together with other St-related objects (tr , Lu , etc.). Con-
versely, when we use the boundary-oriented Hamiltonian we assume that the
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initial surface P 0 is time-evolved along B, we restrict our attention to the bound-
ary foliation and we use the boundary lapse ~N and shift ~V µ, and other boundary
objects (tr ~, Ln˜ , etc.).2
We have seen also that one Hamiltonian has merits where the other has
drawbacks, and vice versa. The bulk-oriented one allows to consider all kinds of
generators (spacelike, timelike, null), but contains an explicit dependence upon
the hyperbolic angle of the foliation |which diverges in the limit of a null
outer boundary|needing an additive spacetime reference term. Conversely, the
boundary-oriented Hamiltonian has no explicit dependence on the intersection
between the slices and the outer boundary, yet forces us to modify the latter
(considering even the possibility of a spacelike case), and in some cases to resort
to limit procedures, in order to study a generic evolution generator.
Apart from the fact that the two Hamiltonians correspond to a dierent
choice of thermodynamical ensembles (see e.g. Kijowski [13]), it is evident that
they are useful in two complementary situations. H is the natural choice for
the Hamiltonian when one is dealing with a spatially non-compact spacetime,
whereas ~H is useful in the case of a bounded spacetime.
In a spatially non-compact spacetime we may want to consider e.g. spa-
tial translations, which usually belong to the group of automorphisms of the
manifold. In this case the bulk-oriented Hamiltonian allows us to study the
generators of translations. We rst introduce a boundary at nite distance,
study the generators on this boundary, then push the boundary to innity to
study the asymptotic behavior of our generators. The fact that the generators
map the manifold out of the boundary is of no importance, since the boundary
is introduced only to be pushed to innity. Moreover, in this case the explicit
dependence upon the angle foliation is not problematic: a spatially non-compact
spacetime usually needs a reference spacetime for renormalizing possible diver-
gences, and the dependence on the angle  can be eliminated together with the
divergences by subtracting from H a reference term.
On the other hand, when we deal with a spatially bounded manifold, usu-
ally, we do not consider transformations like e.g. spatial translations, for they
are not automorphisms of the spacetime. In this case one naturally uses the
boundary-oriented Hamiltonian ~H , which has no dependence on . Moreover,
the formalism we have developed in this paper enables one to use ~H in space-
times with all kind of boundaries, hence makes ~H as much versatile as H for the
study of all kinds of generators.
2The bulk-oriented approach is used e.g. by Lau [8, 9], Hawking and Horowitz [14], Hawking
and Hunter [1], and implicitly also by DeWitt [15], Regge and Teitelboim [4], Brown and
Henneaux [5], Cadoni and Mignemi [6, 7], et al. The boundary-oriented approach is followed by
Brown and York [16], Bose and Dadhich [17], Kijowski [13], Brown, Creighton and Mann [18],
Creighton and Mann [3], Booth and Mann [2, 19], et al.
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